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Many recent results about the classiﬁcation problem for ergodic measure preserving trans-
formations involve global considerations about spaces of measure preserving transforma-
tions. This paper surveys recent joint work with Dan Rudolph and Benjamin Weiss in
determining when various spaces of measure preserving transformations are equivalent
in the sense of conjugacy preserving Borel isomorphism and in having the same generic
dynamical properties.
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It has been long observed that deterministic dynamical systems can exhibit random statistical behavior. A concrete
example of this phenomenon is the linear map T : T2 → T2 from the torus to itself determined by the matrix:
(
1 2
1 1
)
.
Endowing the torus with standard Lebesgue measure, this transformation is measure theoretically isomorphic to a Bernoulli
Shift [1,4,12]. Thus the statistical behavior of the trajectory of a particular point under the iterates of T would be completely
random.
On the other hand many common measure preserving systems, such as translations on compact groups, exhibit regular
behavior. For example, writing T2 in additive coordinates (ξ, ζ ) with (ξ, ζ ) ∈ [0,1) × [0,1) and letting α,β be independent
irrational elements of [0,1] the transformation S : T2 → T2 deﬁned by:
S(ξ, ζ ) = (ξ + α, ζ + β)
is completely determined.
In 1932, von Neumann proposed the program of classifying measure preserving systems with the goal of developing
a library in which particular systems which admit a standard invariant probability measure could be looked up and their
statistical conduct understood. Since the basic building blocks of measure preserving systems are the ergodic systems, the
precise proposal was to classify the ergodic measure preserving systems up to isomorphism.
A great deal of progress had been made on this program. For common classes of transformations, several invariants were
given. Most notable among these are the use of spectral tools and the introduction of entropy as an isomorphism invariant.
Spectral methods were used by Halmos and von Neumann [14] to characterize and classify translations on compact
groups by the eigenvalues of a unitary operator associated to a measure preserving transformation. Entropy was introduced
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a complete isomorphism invariant for Bernoulli shifts.
Other structural properties of measure preserving transformations such as mixing, weakly mixing, measure distality, etc.,
have been studied. Moreover some of these properties have been characterized as generic (i.e. typical) of measure preserving
transformations.
The classiﬁcation takes place in the context of spaces of measure preserving transformations with the equivalence relation
of isomorphism and properties relating to genericity. The effectiveness of the invariants a priori seems to depend heavily on
the topologies of these spaces.
Recently there have been theorems discovered which show such a classiﬁcation is diﬃcult or impossible. For example
Hjorth [8] showed that in one of the spaces of measure preserving transformations, the collection of pairs (S, T ) of iso-
morphic measure preserving transformations is not Borel. This work was reﬁned by a theorem of Rudolph, Weiss and the
author who showed that in a different space, the collection of pairs (S, T ) of ergodic measure preserving transformations is
not a Borel set.
Related to the classiﬁcation problem are questions relating to the effectiveness of particular classes of measure preserving
transformations. For example, Halmos [7] showed that the collection of weakly mixing measure preserving transformations
is a dense Gδ , whereas Beleznay and the author [3] showed that the class of distal transformations is not even a Borel set.
These results seem to depend on the topologies on various spaces of transformations in two ways. One way is in the
Borel/non-Borel distinction for describing complexity of various sets. The second way is that the notion of being generic is
deﬁned as containing a dense Gδ-set seems extremely dependent on the topology.
This paper is concerned with the relationships between several natural candidates for this space. The ﬁrst issue is
whether all suitably deﬁned “models” for the measure preserving transformations have the same generic dynamical proper-
ties. The second is whether all models are Borel equivalent, in the sense that they have the same Borel dynamical properties.
Unless otherwise attributed, the original results described in this paper are joint work with D. Rudolph and B. Weiss.
1. Deﬁnitions
A measure space is a triple (X,B,μ) where B ⊂ P (X) is a σ -algebra, and μ : B → [0,1] is a countably additive probability
measure.
We will only consider standard measure spaces, sometimes called Lebesgue spaces. These are separable non-atomic prob-
ability spaces. We will call the measure μ a standard measure. It is a well-known fact that these are all isomorphic to
Lebesgue measure λ on the unit interval [0,1); we now deﬁne what an isomorphism is.
A measure preserving transformation between two measure spaces (X,B,μ) and (Y ,C, ν) is a map
T : X → Y
such that for all A ∈ C, T−1(A) ∈ B and μ(T−1(A)) = ν(A). An isomorphism of measure spaces is a map T : X → Y such
that T−1 exists and is a measure preserving transformation. We will also call isomorphisms invertible measure preserving
transformations.
A measure preserving system is a four-tuple (X,B,μ, T ) where T : X → X is an invertible measure preserving transforma-
tion.
Two measure preserving systems X = (X,B,μ, T ) and Y = (Y ,C, ν, S) are isomorphic iff there is a set A ⊆ X with
μ(A) = 1 and an invertible measure preserving transformation φ : X → Y such that for all x ∈ A the following diagram
commutes:
X X
Y Y

T

φ

φ
S
A measure preserving system X is ergodic iff the only invariant measurable sets are either of measure zero or measure
one. The ergodic decomposition theorem says that every measure preserving transformation can be written as an integral of
ergodic transformations.
We will use λ to denote the Lebesgue measure on the unit interval, [0,1]. We will use the word meager to mean ﬁrst
category and comeager to mean residual. If (X,B,μ, T ) is a measure preserving system and X is a Polish space we will take
B to be the collection of classes (mod measure zero) of Borel sets.
The natural numbers N will be taken to be {0,1,2, . . .}. A given natural number N = {0,1, . . . ,N − 1}. So, for example
2 = {0,1} and 2N is the collection of all functions f : N → {0,1}. The latter is a compact Polish space naturally isomorphic
to the usual Cantor set.
2. The basic model
Let X be a measure preserving system, (Y ,C, ν) be another standard measure space, and let φ be an invertible measure
preserving transformation between (X,B,μ) and (Y ,C, ν). If we deﬁne S = φTφ−1, then X is isomorphic to the measure
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system whose underlying measure space is the unit interval with Lebesgue measure.
Let MPT be the collection of invertible measure preserving transformations deﬁned on the unit interval.2 We can put a
Polish topology on MPT using the metric deﬁned as follows (see [7]):
Let {Ii: i ∈ N} be an enumeration of the rational intervals. For S, T ∈ MPT, let
d(S, T ) =
∑
i
(
λ(S(Ii)T (Ii)) + λ(S−1(Ii)T−1(Ii))
2i
)
.
In the topology induced by the complete metric d a sequence Sn converges to S iff for all i,
λ
(
Sn(Ii)S(Ii)
)→ 0.
An alternate informal description of the topology is that S is close to T iff for a very ﬁne partition P of [0,1], S sends P
to a partition very close to the partition T sends P to.
The operation of composition gives a group structure to MPT and the topology makes this group a Polish group. The
natural deﬁnition of the space and the fact that it has a Polish group structure makes MPT an obvious reference point for
modeling the measure preserving transformations.
An additional fact is very convenient: if S, T ∈ MPT then S and T are isomorphic iff they are conjugate in the group.
3. Some alternative models
In this section we give some examples of different types of models in order to illustrate the problems motivating our
investigation.
3.1. Spaces of invariant measures
The model MPT is built by ﬁxing a measure space and varying the transformations on the measure space. One can also
take a dual view: ﬁx a transformation T and then consider the collection of T -invariant measures.
Deﬁnition 1. Let X be a Polish space and T : X → X be an invertible homeomorphism of X . Let IM(T ) denote the space
consisting of the collection of standard Borel probability measures μ on X that are invariant under T endowed with the
weak* topology.
This topology is always a Polish topology, however the space IM(T ) can be very small; if T is uniquely ergodic then
IM(T ) has only one element. There are however, transformations T for which IM(T ) provides a nice model for classes of
measure preserving transformations.
Let Y be a (possibly ﬁnite or countable) Polish space and YZ be the product of inﬁnitely many copies of Y indexed by
the integers and endowed with the product topology. Deﬁne a map
sh : YZ → YZ
by setting
sh( f )(n) = f (n + 1).
Then sh is an autohomeomorphism of YZ . For such a space we write SIM(YZ) instead of IM(sh).
Borel measures on YZ are determined by their values on open sets in a basis for the space YZ . Let {Un: n ∈ N} be a
basis for the topology on Y . For m ∈ N and s : {0,1,2, . . . ,m − 1} → {Un: n ∈ N} deﬁne the cylinder set
〈s〉 = { f ∈ YZ: for all i, f (i) ∈ s(i)}.
The collection of shifts of such 〈s〉 forms a basis for the topology on YZ and hence each Borel measure on YZ is determined
by its values on the cylinder sets.
We will be mostly interested in the cases that Y = [0,1) and Y = Σ , where Σ is a countable set. We ﬁrst discuss the
case that Y = [0,1), with the basis consisting of rational intervals.
Let X = ([0,1],B, λ, T ) be a measure preserving system. We brieﬂy indicate how to construct a shift invariant measure
μ on [0,1)Z such that X ∼= ([0,1)Z,C,μ, sh). To specify μ we deﬁne its restriction to products of rational intervals. For
s : {0,1, . . . ,m − 1} → {rational intervals} deﬁne
μ0
(〈s〉)= λ
( ⋂
0i<n
T−i s(i)
)
.
2 We identify transformations that agree on a set of measure one.
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λ(
⋂
0i<n T
−i+1s(i)). It follows that μ ∈ SIM([0,1)Z) and one can check that
X ∼= ([0,1)Z,C,μ, sh)
where C is the σ algebra of Borel sets (mod measure zero). This measure μ is a witness to the following proposition.
Proposition 2. Every measure preserving system is isomorphic to a measure preserving system in SIM([0,1)Z).
3.2. Interval exchanges
To complicate our picture there are models of completely different forms than the two given above. We will list several
more following the next section where we introduce the language where we can state out theorems.
We deﬁne the concept of an inﬁnite interval exchange transformation. Choose a sequence of points αn in the half open
unit interval tending to 1 with α0 = 0. This determines an inﬁnite sequence of intervals In = [αn,αn+1). Let σ : N → N be
a permutation (i.e. a bijection). Applying σ we get a new ordering of the intervals 〈 Jn: n ∈ N〉 with Jn = Iσ(n) . Inductively
deﬁne a new sequence of numbers by setting β0 = 0 and βn+1 = βn + length( Jn). Then Kn = [βn, βn+1) has the same length
as Iσ−1(n) and 〈Kn: n ∈ N〉 is a partition of [0,1).
Informally, we have used σ to rearrange the intervals 〈In〉 so that Iσ−1(0) is put ﬁrst, Iσ−1(1) is second, etc.
Since the intervals In and Kσ(n) have the same length we can map In onto Kσ(n) by a linear map Tn of slope 1. Since the
domains and ranges of distinct Tn are disjoint, their union T is a measure preserving transformation from [0,1) to [0,1).
This construction deﬁnes a map from pairs (〈αn〉, σ ) to MPT. Transformations of [0,1) that arise this way are called
inﬁnite interval exchange transformations. The following theorem says that every ergodic measure preserving transformation
is isomorphic to an inﬁnite interval transformation.
Theorem 3. (Arnoux, Ornstein, Weiss [2]) Suppose that S is an ergodic transformation, then there is a sequence 〈αn〉 and a permutation
σ such that S is isomorphic to the transformation T associated with the pair (〈αn〉, σ ).
We can put a Polish topology on the space of pairs (〈αn〉, σ ) by taking, for each N,  > 0, α1, . . . ,αN and one to one
map s : N → N, a basic open neighborhood B(, 〈α1, . . . ,αN 〉, s) to be:
{(〈βn〉,σ ): for all i < N, |αi − βi| <  and σ N = s}.
To summarize, we can parameterize the isomorphism classes of ergodic measure preserving transformations by pairs
(〈αn〉, σ ) and there is a Polish topology on this space of pairs.
Deﬁnition 4. Let IEω denote the space of pairs (〈αn〉, σ ) with the Polish topology described above.
The following proposition is somewhat troubling if we hope to ﬁnd a universal interpretation of the word “generic”:
Proposition 5. The collection of inﬁnite interval exchange transformations is a meager (ﬁrst category) subset of MPT.
4. The motivating question
In the previous two sections we saw three different ways of representing collections of measure preserving transforma-
tions by viewing them as topological spaces. We will see more in later sections, however these three examples are enough
to illustrate the issue we are concerned with.
Members of MPT are measure preserving transformations. However the elements of the spaces SIM([0,1)Z) and IEω pa-
rameterize measure preserving transformations. Considered in isolation they are simply members of some space of measures
or, in the case of IEω ordered pairs (〈αn〉, σ ). Information beyond the space itself is required to identify these with measure
preserving transformations.
This information is a function π : X → MPT that associates to each x in our parameter space a measure preserving
transformation. For us a model will be a pair (X,π) where X is a Polish space and π : X → MPT is a function with some
regularity properties we specify later in Deﬁnition 10. The idea is that each x ∈ X codes a measure preserving transfor-
mation π(x). The isomorphism relation on MPT pulls back to an equivalence relation on X which we can study. We will
demand further conditions on the function π in the formal deﬁnition of “model”, which we postpone.
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strongest form of equivalence between two models would be a homeomorphism that takes a measure preserving system to
an isomorphic system. For the models above it is known that these cannot exist; e.g. SIM([0,1)Z) is compact3 and MPT is
not. We weaken our deﬁnition to a more feasible requirement.
In the following deﬁnition we denote the collection of isomorphism classes of MPT by MPT/isomorphism. Note that a
map π : X → MPT can be composed with the projection map of p : MPT → MPT/isomorphism to give a map π˜ =def p◦π .
In practice we don’t distinguish between π and π˜ .
Deﬁnition 6. Let (X,π) and (Y ,ρ) be two models for measure preserving transformations. Then (X,π) is Borel equivalent
to (Y ,ρ) iff there is a Borel bijection b between X and Y such that the following triangle commutes:
X Y
MPT/isomorphism

bπ˜
 ρ˜
In plain terms, two models are Borel equivalent iff there is a Borel bijection b between the two that takes the code for
a transformation to a code for an isomorphic transformation. We will simplify our terminology by referring to models as
simply equivalent if they are Borel equivalent.
The deﬁnition is set up to show that if X and Y are Borel equivalent and A is a set of isomorphism classes of transfor-
mations then {x ∈ X: π˜ (x) ∈ A} is Borel iff {y ∈ Y : ρ˜(y) ∈ A} is Borel.
Genericity: A fruitful area of study in ergodic theory has been describing which properties are generic; i.e. contain a dense
Gδ set. Genericity is clearly a topological notion, and hence potentially sensitive to the model chosen for the study.
The following deﬁnition was given in the paper of Glasner and King [5] on the subject:
Deﬁnition 7. A class P of measure preserving transformations is called a dynamical property iff for all pairs (S, T ) of isomor-
phic transformations, S ∈ P iff T ∈ P .
We will interpret this deﬁnition to mean that if (X,π) is a model for the measure preserving transformations, then for
all x, y ∈ X if π(x) = π(y) then x ∈ P iff y ∈ P . For us to say anything meaningful about dynamical properties we will need
an extra regularity condition, namely that they have the property of Baire (or be Baire measureable in the language of [5]).
Since we are studying codings of measure preserving transformations that have different topologies, we do not include that
condition as part of the deﬁnition. However for each property P and each model X we discuss we will assume implicitly
that P has the property of Baire in X .
Examples of classically studied dynamical properties include the ergodic transformations, mixing transformations, pure
point spectrum transformations and many others.
Glasner and King [5] and independently, Dan Rudolph [11] showed the following seminal result:
Theorem 8. (Glasner and King, Rudolph) Let P be a dynamical property that has the property of Baire. Then P is generic in MPT iff P
is generic in SIM([0,1)Z).
4.1. Rudolph’s Thesis
The Glasner–King–Rudolph Theorem, and similar results, led Rudolph to conjecture that all natural models have the same
generic properties. In view of Proposition 5 the following thesis is indeed courageous:
Rudolph’s Thesis. Any two models for the measure preserving transformations are equivalent and have the same generic dynamical
properties.
We note that this “thesis” is a metamathematical statement not subject to proof without further interpretation. The
purpose of the current program is to make this thesis precise in a plausible way and verify it to the extent possible.
We encapsulate the spirit of Rudolph’s Thesis in the next deﬁnition.
Deﬁnition 9. We will call two equivalent models (X,π) and (Y ,ρ) strongly equivalent iff they have the same generic dy-
namical properties.
3 At least when we allow atomic measures.
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subset of X , there is a topology τ ′ ⊇ τ such that:
1. (X, τ ′) is a Polish topology with the same Borel sets as (X, τ ) and
2. B is an open set in τ ′ .
(See [9] for a proof of this fact.)
In particular, if (X,π) is a model and D is an isomorphism invariant dense Gδ proper subset of X that is comeager, then
the complement of D can be declared open without changing the Borel structure of X . If X ′ is the resulting Polish space,
then (X ′,π) is equivalent to (X,π) but D is no longer generic, or even dense.
Thus in the deﬁnition of model we require some clause preventing open sets that are not linked to MPT. What we require
is that there is a dense Gδ subset D of MPT such that the codes for isomorphism classes of elements of D are dense in X .
Since our notion of “equivalence” uses Borel functions it appears natural in the deﬁnition of (X,π) being “model” that
we require π to be Borel. Unfortunately this is too weak a notion as M. Hochman has given an example of a Polish space X
and a Borel map π with the following properties:
1. π : X →MPT is Borel.
2. If T is ergodic then π−1({S: S ∼= T }) is dense in X .
3. There is a single transformation T0 such that {x: π(x) ∼= T0} is generic in X .
Since every conjugacy class in MPT is meager (ﬁrst category), (X,π) is not strongly equivalent to MPT.
From this we conclude that in our deﬁnition of model we must require that π be continuous.
4.2. The deﬁnition of model
In this section we give a precise deﬁnition of what constitutes a model for a class of measure preserving transformations
that lets us give a precise formulation of Rudolph’s Thesis and verify portions of it.
It is a consequence of Rokhlin’s Lemma that if T is an aperiodic measure preserving transformation the collection of S
that are isomorphic to T is dense in MPT. This tightly controls the topology of MPT and prevents the existence of exotic
open sets. We incorporate this into our deﬁnition of model.
Deﬁnition 10. A model is a pair (X,π) such that X is a Polish space and π : X → MPT is a continuous function such that
there is a comeager (residual) set A ⊆MPT for all T ∈ A, {x ∈ X: π(x) ∼= T } is dense in X .
If the range of π is a subset of a dynamical property P , then we say that (X,π) is a model for P . Informally, a model
is a Polish space parameterizing MPT with the property that for most T the collection of x ∈ X that code a transformation
isomorphic to T is dense in X .
Remark 11. In practice, the comeager set A is always the collection of ergodic transformations. We give the more general
deﬁnition to preserve options for future theorems.
Having a precise deﬁnition we can prove the lemma that we use repeatedly:
Lemma 12. Suppose that (X,π) is a model for the measure preserving transformations. Then X and MPT have the same generic
dynamical properties.
This lemma gives a systematic way of verifying that two ways of topologizing the space of measure preserving trans-
formations have the same generic dynamical properties. The proof is an exercise using the Vaught Transform [9] that is
simpler than the ad hoc arguments previously given for various pairs of spaces.
With the deﬁnition and lemma in hand we can see:
Theorem 13. There is a continuous map π : SIM([0,1)Z) → MPT such that (SIM([0,1)Z),π) is a model for the measure preserving
transformations.
Thus we have an alternate proof of the Glasner–King–Rudolph Theorem:
Corollary 14. The model SIM([0,1)Z) has the same generic dynamical properties as MPT does.
For the case of the interval exchanges we have a similar result:
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Thus, in spite of the fact that the collection of inﬁnite interval exchange maps forms a meager set inside MPT, we see:
Corollary 16. The model IEω has the same generic dynamical properties as MPT.
4.3. Equivalence of models
Theorems 13 and 15 leave open the question of equivalence of the models. We now discuss this issue. The classical
Cantor–Bernstein Theorem about inﬁnite cardinalities together with its proof give the following result:
Theorem 17. ([13]) Let X and Y be Polish spaces and E ⊂ X × X and F ⊂ Y × Y be equivalence relations. Suppose that there are Borel
injections f : X → Y and h : Y → X such that:
1. x1Ex2 implies f (x1)F f (x2), and
2. y1F y2 implies g(y1)Eg(y2).
Then there is a Borel bijection h : X → Y that takes E-classes to F -classes.
We note that h is built in the usual way—as a piecewise union of f and g−1; that it preserves the E and F classes is
automatic.
The Cantor–Bernstein Theorem allows us to concentrate on building Borel injections. For the three models studied in this
section we have the following results:
Theorem 18. There is a Borel injection between any two of
{
MPT, IEω, SIM
([0,1)Z)}
that preserves isomorphism classes. Thus they are all strongly equivalent models.
In particular we have veriﬁed Rudolph’s Thesis for these models.
5. Models for the ergodic measure preserving transformations
Halmos [7] showed that the set of ergodic transformations in MPT form a dense Gδ set, and hence are generic. Moreover
the Ergodic Decomposition Theorem shows that every measure preserving transformation is an “integral” of ergodic transfor-
mations. Hence from the point of view of the classiﬁcation problem and of studying generic properties it suﬃces to consider
ergodic measure preserving transformations.
5.1. The standard model for the ergodic transformations
Let E ⊆ MPT be the collection of ergodic invertible measure preserving transformations. Since E is a Gδ subset of a Polish
space it inherits a Polish topology from MPT. Moreover it is closed under the conjugacy action of MPT which coincides with
isomorphism. Since E itself is a generic set, the identity map into MPT makes E into a model.
Deﬁnition 19. We will call the model (E, id) the standard model for the ergodic measure preserving transformations.
5.2. The model SIM(ΣZ)
Let Σ be a countable set with the discrete topology. Form the product space ΣZ , which is a Polish space homeomorphic
to the irrationals. Since {{σ }: σ ∈ Σ} is a basis for the discrete topology, cylinder sets are determined by s : F → Σ where
F ⊆ Z is ﬁnite and 〈s〉 = { f : f F = s}.
We can let the shift map act on ΣZ in the usual way, namely for f ∈ ΣZ:
sh( f )(n) = f (n + 1).
This puts us back in the situation of Section 3.1: we have a Polish space Y (namely ΣZ) and a homeomorphism sh : Y → Y .
We let SIM(ΣZ) denote the collection of shift invariant standard measures on Y with the weak* topology.
If Y is zero-dimensional, we can describe the weak* topology on SIM(YZ) concretely in terms of subsets of YZ . Let
{Un: n ∈ N} be a basis for the topology on Y consisting of clopen sets. For m ∈ N and s : {0,1,2, . . . ,m − 1} → {Un: n ∈ N}
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〈s〉 = { f ∈ YZ: for all i, f (i) ∈ s(i)}.
The collection of shifts of such 〈s〉 forms a basis for the topology on YZ and hence each Borel measure on YZ is determined
by its values on the cylinder sets. If μk ∈ SIM(YZ) then μk converges to μ in the weak* topology iff for all cylinder sets 〈s〉
we have μk(〈s〉) → μ(〈s〉).
For concreteness we choose a particular pre-base for the topology on SIM(ΣZ): sets of the form
{
μ:
∣∣μ(〈s〉)− α∣∣< },
where s : N → Σ gives a basic open set in ΣZ , α ∈ [0,1] and  > 0.
Shift invariant measures are intimately tied up with the notion of generators:
Deﬁnition 20. Let P = 〈Pn: n ∈ N〉 be a measurable partition of [0,1). Then P is a generator for a transformation T iff there
is a set A ⊂ [0,1) with λ(A) = 1 such that for all x = y ∈ A there are m ∈ Z, n ∈ N such that Tmx ∈ Pn but Tm y /∈ Pn .
It is a classical theorem that every ergodic transformation has a countable generator. This result can be translated to say
that for very ergodic measure preserving system X there is a shift invariant measure μ such that:
X ∼= (ΣZ,C,μ, sh).
On the other hand, there is no non-atomic shift invariant measure in SIM(ΣZ) that has a positive set of periodic points,
so SIM(ΣZ) cannot model all measure preserving transformations.
If we take an injection φ of Σ into [0,1), we get an injection of ΣZ into [0,1)Z , with in turn gives an injection φ∗ of
SIM(ΣZ) into SIM([0,1)Z). If ψ is another injection of ΣZ into [0,1)Z , then there is an autohomeomorphism of SIM([0,1)Z)
taking the range of φ∗ to the range of ψ∗ . Hence we can reasonably speak of the inclusion of SIM(ΣZ) into SIM([0,1)Z).
From the point of view of strong equivalence the following fact is discouraging:
Proposition 21. SIM(ΣZ) is meager in SIM([0,1)Z).
The following is a theorem of Grillenberger and Krengel [6].
Theorem 22. If μ is a shift invariant measure on ΣZ that gives each basic open set positive measure then for all ergodic T and n ∈ N
there is measure ν that:
1. gives each open set positive measure,
2. agrees with μ on cylinder sets of length less than or equal to n, and
3. makes
([0,1],B, T , λ)∼= (ΣZ,C, ν, sh).
Let π0 be the map making (SIM([0,1)Z),π0) into a model and id is the identity map of SIM(ΣZ) into SIM([0,1)Z). It
follows from Theorem 22 that
Theorem 23. (SIM(ΣZ),π0 ◦ id) is a model for the ergodic measure preserving transformations.
Having established that SIM(ΣZ) has the same generic dynamical properties as MPT (and hence all other models), we
turn to the issue of equivalence. The identity map from SIM(ΣZ) to SIM([0,1)Z) is obviously one to one. Combining it with
a one to one continuous map from the aperiodic transformations in SIM([0,1)Z) to MPT we get an injection from SIM(ΣZ)
to MPT. To see strong equivalence one needs to ﬁnd an injection in the other direction. Let P be the space of inﬁnite
measurable ordered partitions P = 〈Pn: n ∈ N〉 of [0,1], with the topology induced by the metric4:
d(P,Q) =
∑
n
λ(PnQn).
Then P is a Polish space.
Theorem 24. There is a one to one, Borel map G : E → P with the property that G(T ) is a generator P for T .
4 We identify partitions that agree on a set of full measure in [0,1].
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Corollary 25. There is a one to one Borel map C : E → SIM(ΣZ) such that for all ergodic T :
([0,1],B, λ, T )∼= (ΣZ,C,C(T ), sh).
Combining Theorems 23 and 24 we see:
Corollary 26. The model SIM(ΣZ) is strongly equivalent to E .
5.3. Rational invariant measures
We now turn to a new model: the rational invariant measures.
Deﬁnition 27. Let Y be a Polish space, T : Y → Y be a homeomorphism and U = {Un: n ∈ N} be a distinguished basis for
the topology. Then a rational invariant measure for (Y ,U) is an invariant measure that gives each Un rational measure.
To make the collection of rational invariant measures into a Polish space we need to reﬁne the weak* topology. Fixing
α1, . . . ,αn ∈ Q and x1, . . . , xn ∈ N we take as a basic open set:
{
μ: μ is T invariant and for all i ∈ {1, . . . ,n}, μ(Uxi ) = αi
}
.
We will call this topology the precise topology.
As it stands the deﬁnition requires a distinguished basis, but for the shift transformation on ΣZ there is a natural choice
for the distinguished basis, namely the shifts of the cylinder sets. For technical reasons we need to focus on measures with
full support; i.e. those measures that give every open set positive measure.
Deﬁnition 28. A rational invariant measure on ΣZ is an invariant measure μ so that for all cylinder sets 〈s〉, μ(〈s〉) ∈ Q+ .
The space QSIM(ΣZ) is the collection of rational invariant measures with the precise topology.
The next theorem has a non-trivial proof:
Theorem 29. For any ergodic measure preserving transformation T : [0,1] → [0,1],
{
μ ∈ QSIM(ΣZ): ([0,1],B, λ, T )∼= (ΣZ,C,μ, sh)}
is dense in QSIM(ΣZ).
The QSIM’s are members of SIM(ΣZ). Since the precise topology reﬁnes the weak* topology, the inclusion map ι from
QSIM(ΣZ) into SIM(ΣZ) is continuous. Hence if π1 : SIM(ΣZ) → MPT is the map making SIM(ΣZ) into a model, then
Theorem 29 implies:
Corollary 30. The pair (QSIM(ΣZ),π1 ◦ ι) is a model for the measure preserving transformations.
Not surprisingly we also get:
Theorem 31. The model QSIM(ΣZ) is strongly equivalent to SIM(ΣZ).
5.4. Orbit classes
Let T ∈MPT. As is standard we will write [T ] for the full group of T ; the collection of measure preserving transformations
S whose orbits are contained in orbits of T .
Deﬁnition 32. Let T ∈ MPT. We will denote {S: [S] = [T ]} by O (T ). Members of O (T ) will be said to have the same orbits.
We topologize O (T ) with the uniform metric dU :
dU (S, T ) = λ
({
x: T (x) = S(x)}).
The space O (T ) has been studied extensively by Dan Rudolph [11] who showed:
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1. For ergodic T , the metric dU is a complete separable metric on O (T ).
2. If S is also ergodic, {S ′ ∈ O (T ): S ′ ∼= S} is dense in O (T ).
3. If P is a dynamical property, then P is generic in O (T ) iff it is generic in MPT.
Items 1. and 2. immediately show that (O (T ), id) is a model. Hence, item 3. of Rudolph’s theorem follows abstractly from
Lemma 12.
Corollary 34. If T is ergodic the space O (T ) with the inclusion map toMPT is a model for the ergodic measure preserving transforma-
tions.
Turning to the question of equivalence, we again ﬁnd that the inclusion map from O (T ) to MPT is one to one, so to
prove equivalence one must ﬁnd a bijection in the other direction. This amounts to reproving Dye’s theorem so that it gives
a Borel injection.
Theorem 35. Let T be ergodic. Then there is a Borel injection D : E → O (T ) so that for all S, S ∼= D(S).
Corollary 36. Suppose that T is ergodic. Then O (T ) is strongly equivalent to MPT.
5.5. Rational interval exchanges
We now consider another way of coding the measure preserving transformations. An interval exchange transformation
(〈αn〉, σ ) will be called rational iff for all n ∈ N, αn ∈ Q. Let QIEω be the collection of rational interval exchange transforma-
tions.
The topology on IEω is not strong enough to make QIEω Polish, so we introduce the analogue of the precise topol-
ogy on QSIM. Basic open sets for this Polish topology are determined by a ﬁnite increasing sequence of rational numbers
α1, . . . ,αN ∈ Q and a one to one map s : N → N. The basic open neighborhood B(α1, . . . ,αN , s) is deﬁned to be:
{(〈βn〉,σ ): for all i < N, βi = αi and σ N = s}.
The following theorem shows that the rational interval exchange transformations code all ergodic transformations:
Theorem 37. Let T be an ergodic transformation. Then there is a rational interval exchange transformation T ′ ∼= T .
However, the rational interval exchange transformations do not form a model as follows from the following observation.
Remark 38. Suppose that α1 < α2 < · · · < αN ∈ Q∩ (0,1) and s : N → N is a bijection of {0,1, . . . ,N − 1}. Then [0,αN ) is an
invariant set for every transformation in B(α1, . . . ,αN , s). In particular the collection of non-ergodic transformations form a
dense open set.
The remark can be strengthened to show that the collection of transformations that are periodic are a dense Gδ-set.
Thus, while QIEω had the potential to be a counterexample to Rudolph’s conjecture, it turns out not even to be a model!
We do not know the answer to the following question:
Let QIE′ consist of QIE after the countable collection of intervals of the form B(α1, . . . ,αN , s) where s : N → N is a
bijection are removed. Is QIE′ a model?
Less optimistically one could conjecture that the closure of the ergodic transformations in QIE is a model.
6. Conclusion
In this survey we study Rudolph’s Thesis that all models for the measure preserving transformations are strongly equiv-
alent. By giving the word “model” a precise meaning we were able to show that all models for the measure preserving
transformations have the same generic dynamical properties. Moreover, we considered several natural ways of topologizing
the measure preserving transformations (or the ergodic measure preserving transformations) and they were either obviously
models or, in one case, not a model for a trivial reason.
This constitutes partial veriﬁcation of Rudolph’s Thesis.
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